EXPLICIT CONSTRUCTIONS OF THE NON-ABELIAN 
p 3 -EXTENSIONS OVER Q 



OZ BEN-SHIMOL 



Abstract. Let p be an odd prime. Let F/k be a cyclic extension of degree 
p and of characteristic different from p. The explicit constructions of the non- 
abelian p 3 -extensions over k, are induced by certain elements in F(fi p )* . In 
this paper we let k = Q and present sufficient conditions for these elements to 
be suitable for the constructions. Polynomials for the non-abelian groups of 
order 27 over Q are constructed. 



Let p be an odd prime. Let F/Q be a C p -extension, K = Q(C P ), L = F(( p ) = 
FK, where ( p is a fixed p th root of unity. Let a be a generator for Gal(L/K). 
The restriction a — u\f generates Gal(F/Q) = Gal(L/K). Similarly, let f be a 
generator for Gal(L/F). The restriction r = t\k generates Gal(K/Q) = Ga\(L/F). 
L/Q is cyclic of order p(p — 1), generated by trf . 

Let e be a primitive root modulo p. We have the multiplicative homomorphisms 
[4, p.130, Corollary 8.1.5] 



and its restriction $k/q '■ K* — > K* . Clearly, <i> commutes with the norm: 



Let H p 3 and C p 2 x C p be the non-abelian groups of order p 3 . From the generic 
construction of the non-abelian p 3 -extensions (over fields with characteristic differ- 
ent from p), it follows that the elements x S L* with Q(Nr L / K (x)) £ L* p induce 
Hp3 -extensions over Q, while the elements x € L* with ^(Cp Nr L / K (x)) g L* p in- 
duce C p 2 xi Cp-extensions over Q, cf. Theorem 4.1 and Theorem 4.2. 

Arne Ledet, in [3], [4], and [5, pages 130-132], constructs explicit extensions and 
the corresponding polynomials over Q for these groups, when p = 3 or p = 5, and 
L = Q(C P 2 )- He provides a sufficient condition for an element x e Ol to satisfy 
the above requirements, namely: Nr L /jj(x) = q is an unramified prime in L (that 
is, q 7^ 3, q ^ 5, respectively). His argument for the sufficiency relies on unique 
factorization in Ok- 

Our goal is to generalize this idea for every p and for every C p -extension Fj Q the 
construction starts with (in [4], the construction starts with a C3-extension inside 
Qg). More precisely, given a C p -extension F/Q, we provide sumcient conditions for 
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an elemental L* to satisfy $(Nr L/K (x)) g L* p for H p3 , and $(C P Nr £/K (x)) ^ i* p 
for C p 2 x C p . In section 4 we explain the explicit constructions for those two groups, 
and show that there are infinitely many elements x £ L* , suitable for both con- 
structions. In section 5, we exhibit other polynomials for H27 and Cg x C3 over Q. 

2. Notation and Definitions 

• The number ring of a given number field N is denoted by On- 

• If E is a finite group and N/k is a Galois extension with Galois group G&\(N / k) = 
E, we then say that N/K is an ^-extension, or that N is an ^-extension over k. 
Any polynomial / over k with splitting field N is called P-polynomial over k. 

• A cyclic group of order m will denoted by C m ■ 

• As in the introduction: F/Q is a C p -extension, K — Q(Cp) and L = FK - their 
compositum. Let a be a fixed generator for G&\{L/K). Thus a = <j\p generates 
Gal(F/Q) = G&\{L/K). Let f be a fixed generator for Gal(L/P). Thus t = f\ K 
generates Gal^/Q) ^ G&\(L/F). 

• If e is a primitive root modulo p, then we have the homomorphism $ defined in 
the introduction. 

• Let Tl^k be the multiplicative groups consisting of the fractional ideals of 
L,K, respectively. We have analogous homomorphisms: 

* L/F (I) = F p - 2 fF p - 3 ■ ■ ■ fP~ 2 I, I £ T L , 
and its restriction 

\ *k/q(I) = ®l/f(O l I) n Jf, /e^K- 

Clearly, Nr L/K $ i/F = <!> K q Nr £ /x . [remark: let I £ .Fx,, then Nr i/K (7) = 
Ok n Jct/ • • • o-p -1 / (see Marcus [6] or Ribenboim [8])]. 

• Let x £ L* with Nr £ /Q(ai) = ±q^ ■ ■■q 1 ^, n > 0, Zj e Z — {0}, and the t^'s are 
distinct rational primes. We denote by Ji(x), i = 1, . . .n, the fractional ideals of L 
which satisfy: 

Olx = Ji(x) ■ ■ ■ J n (x) and Nr L /Q(Jj(x)) = Zq'\ 

• For each i we set Ii(x) := Nv L / K (Ji(x)). Clearly, Nr K /q(Ii(x)) = Zgj 4 . 

• If for some i, g» splits completely in K and Jj(a;) = Pf 1 P,f 2 • • • Pp^ 1 , where the 
Pj's are the distinct prime ideals in K lying above g,, then we define x(h(x)) to be 
the integer 

X (Ii(x)) = eP- 2 ^ + eP- 3 ^ + ... eft + f3 2 . 

3. The Main Results 

Theorem 3.1. Let x £ L* , Nr L/Q (a;) = ±q[ 1 ■ ■ ■ q l ™ , n > 0, l i £'Z-{0}, q t a 
prime. Then $(Nr^/x(a;)) does not generate a p th power (fractional) ideal of L, if 
and only if n > and there exists an i such that 

(a) qi splits completely in L. 

(b) p does not divide x{h(x)). 
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Proof. We assume n > 0. Denote 7 = ~Nr L / K (x). Clearly, OkI = h{x) ■ ■ ■ I n (x). 
No prime factor of U (x) is conjugate to any prime factor of Ij (x) (i 7^ j ) . It follows 
that L $(7) e T V L if and only if L $(Ii{x)) e for every i = 1, . . . , n. 

We fix some z and set q = qi, I = li, J = J{(x), I = Ii(x). Thus, J is a fractional 
ideal of L, I = Nr L/K (J), and Nr L/Q (J) = Nr K/Q (I) = Zq l . 

We separate the rest of the proof into two cases. 

Case 1: q does not split completely in L 

Let g be the decomposition number of q in K/Q. Clearly, t 9 I = I. Now, 

p-i 

$(/) = Jp7 eP -°' +2) = fl JJr i 7 eP " (0 " 1,3+i+2) = JJr'/^W, 

j=0 j=l i=0 i=0 

where, 

= V eP-(Ci-i)fl+i+2) = eP-«+2) . e'^-l 
sw ^ e"S - 1 

i=i 

We see that if q does not split completely in K then S g (i) = mod p for all 
z = 0, ...<?— 1. Therefore, if q does not split completely in K then € 

Suppose that g splits completely in if. If q is ramified in F then q = 1 mod p 
and any prime ideal P in if lying above g is then totally ramified in L, equivalently, 
O l P € J=l, hence O l I € T P L .. 

Finally, suppose that q is inert in F. Then any prime in K lying above q is inert 
in L. Hence, aJ = J, thus O l I = J p e T P L . 

We conclude that if q does not split completely in L, then 0l <£>(/) € .F£. 
Case 2: q splits completely in L 

Suppose that g splits completely in L, and let Oxq = Pi • • ■ Pp-i be the prime 
decomposition of q in K. r, as a permutation acting on the (p — l)-set consisting 
of the Pj's, is the (p — l)-cycle (Pi, . . . , P p -i) (say). We shall denote by f the 
corresponding (p — l)-cycle in the symmetric group; f = (1, . . . ,p — 1). Now, if 

T _ JD01 r>@p-i 
1 — r l r 2 ' ' ' r p-l 1 

then 

(i) = = n n^ - ^ = nV w , 

j=l j=l fc=0 j=l 

where, 

p-2 

Xj (7) = 5><*-< fc+2 »&-*a), j = l,...,p-l. 

Clearly, the primes Pj split completely in L, hence, Ol^(I) € if and only if 
$(/) e T V K . Also, $(/) e if and only if = mod p for all j = 1,.. . ,p-l. 
Note that Xj+i(I) = e ' XjCO m °d i? f° r an J- Therefore, if p divides some Xj(I), 
then p must divides Xi(-0> ■ ■ ■ )Xp-iC0 • Since we consider the x.j'(-0' s modulo p, 
we take j — 1 and write instead of Xi(-0- We conclude that Ol&(I) € .P^ if 
and only if p divides x(Pj, as required. 

If n = then the assertion is clear. □ 
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Corollary 3.2. Let x £ L* , Nr i/Q (x) = ±q[ 1 ■ ■ ■ q l ™, n > 1, l,eZ-{0}, a 
prime. Suppose that there exists an i such that qi splits completely in L and p does 
not divide x(h(x)) . Then $(Nr i/K (x)), $(C P Nr L/K (x)) £ L* p . □ 

Let x G L* which satisfies condition (a) of Theorem 13.11 Let gj be a prime 
which splits completely in L with Nrx/Q(-fj(^)) = Zg/. If P is a prime ideal in if 
lying above g, then Nr/<-/Q(P) = Zg^ (since gi splits completely in K). Therefore, 

if Ii(x) = P^P^ 2 ■ ■ ■ P^ 1 , where the P i 's are the distinct prime ideals in K lying 
above qi, then 

p-i 

Zfi = Nr K/Q {Ii(x)) = [] Nr^/Q Pf = Zgf 1+ " A - 1 . 
i=i 

Thus, 

(2) /?! + ... +/3 p _i = / i . 

It follows immediately that if (x) is of the form 7, (x) = P' (for some prime ideal 
P in K lying above (ft and for some I e Z — {0}), then p divides x(Ii(x)) if and 
only if p divides I . We have 

Corollary 3.3. Let x G L*, Nr L/Q (x) = ±g^---g^, n > I, k G Z - {0}, 
<7; a prime. Suppose that there exists an i such that qi splits completely in L 
and Ii(x) — P li , where P is a prime ideal of Ok, V does not divide k. Then 
$(Nr VK (x)),$(C P Nr VK (x))^L*f. ' □ 

Let H(L) be the Hilbert class field over L (see [6, Chapter 8]), and let q be a 
rational prime which splits completely in H(L). Then any prime ideal of L lying 
above q is principal in L. 

Corollary 3.4. There are infinitely many elements x G L* such that 
1. $(Nr i/Jf (z)) ££* p , and 
«. $(C P Nr i/K (x))^L*P. 

Proof. By Chebotarev's Density Theorem, there are infinitely many rational primes 
which split completely in 7i(L). If q is such a prime, let Q be a prime ideal in L 
lying above q. So Q — Olx for some x G Ol- Clearly, Nr^^x) = g. The assertion 
then follows from Corollary 13.31 □ 

3.1. Examples. We shall illustrate the above results on C p -extensions F/Q of type 
(S\) [10, Chap. 2]. For that purpose we prove the following lemma. 

Lemma 3.5. Let r be a rational prime, r = 1 mod k, k G N. Let m — m(r) be a 
primitive root modulo r. Consider the sum 

(3) S k (r) = C, + (f + Cf* +... + C ( • 
TTien Q(5fc(r))/Q is a Ck-extension. 

Proof. Gal(Q(£ r )/Q) is cyclic of order r — 1, generated by the automorphism 
cr : ( r i— > £, m . By the Fundamental Theorem of Galois Theory, it is enough to 
prove Q(S k (r)) = Q(C r ) ak ■ The inclusion Q(S k (r)) C Q(C r ) <7 '° is because a k moves 
cyclically the summands of (3) (an alternative argument: 5 k (r) is the image of ( r un- 
der the trace map Tr^ ^ ,„k). Suppose that Q(£fc(r)) C Q(£ r )°' . There exist a 
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proper divisor d of k such that Q(<5fc(r)) = <Q(Cr) CT • In particular, a d (5f-(r)) =5k(r), 
or 

(4) E cf k+d E = o. 

3=0 3=0 

The summands in (4) are distinct. For if (™ 3 + = C™ f° r some i, j — 0,1, ... , *-jr^ _ 
1, j > h then m/i~^ k+d = 1( mod r). to is primitive modulo r so r — 1 divides 
(j — i)k + d. But, (j — i)k + d < ( z -jp — l)k + k = r — 1, a contradiction. To this end, 
there are 2(r — l)/fc (< r — 1) summands, and dividing each of them by Cr gives us 
a linear dependence among 1, £ r , Cr 7 ■ ■ ■ 7 C _2 7 a contradiction. Q(6k(r)) = Q(Cr) <T , 
as required. □ 

Example 3.6. p = 3, r = 7, m(r) = 3. <5 3 (7) = Ct + C 7 _1 - *7Q = Q(W)/Q. 
Thus, i/A' = Q(C3,<^3(7))/Q(C3) is a C 3 -extension, generated by a : C7 >-> C7, 
Cs Ca- Let x = $ 3 (7) + Cs- 7 - Nr L/K {x) = 3 - (3, Nr L/Q (a;) = Nr K/Q ( 7 ) = 13 
(-r : Ca 1— > C 3 ~ *)• 13 splits completely in L. By Corollary ECU $(7), Cs$(7) £ £* 3 . 
Example 3.7. p = 3, r = 19, m(r) = 2. 

* 3 (i9) = C19 + cr/ + C19 + cr/ + C19 + Ci"- 

F/Q = Q(*s(19))/Q. Thus, L/A = Q(C 3 , <5 3 (19))/Q(Ca) is a C 3 -extension, gener- 
ated by (J : C19 ^ Ci 6 9 , Cs ^ Ca- Let a; = <5 3 (19) + Ca + 1. 7 = Nr L/K (x) = -7Cs, 
NrL/Q(x) = Nr^/Q( 7 ) = 7 2 and 7 splits completely in L. However, $(7) generates 
a third power ideal in Ok although $(7) and £3 $(7) are not third power elements 
in A*. Therefore, Theorem l3.il which is an ideal-theoretic criterion, is failed while 
testing this x. On the other hand, it tells us something about the prime factor- 
ization of Olx in L: Since x satisfies condition (a) of this theorem and does not 
satisfy condition (b), we have 

X {h(x))= 2^+02 = mod 3. 

Also, by equation (2) we have 0i + P2 = 2. Hence, 0i = (3% = 1, thus I = Ok7. 
Olx is therefore a product of two distinct primes of Ol, each of them has norm 7 
over Q. 

Example 3.8. p = 3, r = 73, m(r) = 5. (Remark: Ok — ^[Cra] is not a unique 
factorization domain). F/Q = Q(S 3 (73))/Q, Thus, L/K = <Q(C 3 , £ 3 (73))/Q(C 3 ) is 
a C 3 -extension, generated by a : C73 C737 C3 l— * C3- Let a; = <5 3 (73) — Ca + 1. 
7 = Nr L/K (x) = 21C3, Nr L/Q (x) = Nr K/Q ( 7 ) = 3 2 7 2 . Thus, $(7) = 21 3 C 3 £ L* 3 . 

Example 3.9. p = 5, r = 11, m(r) = 2. 5 5 (11) = Cn+Cn- F/Q = Q(<5 5 (H))/Q. 
Thus, L/A = Q(C5,<*5(H))/Q(C5) is a C 5 -extension, generated by a : C11 >-> C11, 
Cs ^ Cs- Let x = S 6 (U) - Cs- 7 = Nr L/x (z), Nr i/Q (x) = Nr x/Q ( 7 ) = 991 (991 is 
a rational prime). 991 splits completely in L, hence $(7) does not generate a fifth 
power ideal of Ol- 

4. Explicit Constructions of the non-Abelian p 3 -Extensions 

4.1. Let N/k be a Galois extension with Galois group G — G&l(N/k). Let ir : 
E -» G be an epimorphism of a given finite group E onto G. The Galois theoretical 
embedding problem is to find a pair (T/k,<p) consisting of a Galois extension T/k 
which contains N/k, and an isomorphism ip : Gal(T/fc) — > A such that it o ip — 
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Res T /jv, where Res T / N : Gal(T/fc) -» G is the restriction map. We say that the 
embedding problem is given by N/k and tt : E -» G. If such a pair (T/k, ip) does 
exist, we say that the embedding problem is solvable. T is called a solution field, and 
ip is called a solution isomorphism. A := kern is called the kernel of the embedding 
problem. If A is cyclic of order m, the characteristic of k does not divide to, and N* 
contains /j, m (the multiplicative group consisting of the m th roots of unity) , then 
the embedding problem is of Brauer type (see [4]). 

If ip is required only to be a monomorphism, we say that the embedding problem 
is weakly solvable. In that case, the pair (T/k, if) is called an improper solution 
(or a weak solution). An improper solution can also be interpret in terms of Galois 
algebra ([1], [3] Chapter 4). The monograph [2] treats the embedding problem from 
this point of view. In the cases discussed in this paper, any improper solution will 
automatically be a solution; the kernel A will be contained in the Frattini subgroup 
of E (see [2], Chapter. 6, Corollary 5). 

The constructive approach to embedding problems is to describe explicitly the 
solution field T (in case it exists). We shall consider a series of embedding problems, 
in each T/N will be a C p -extension, and the goal is to exhibit an explicit primitive 
element of T over N (See also [7] for further details). In practice, given a set of 
generators 71, . . . , jd, for G, we must extend them to fc-automorphisms 71, . . . , 7d 
of a larger field T, with common fixed field k. T/k is then a Galois extension 
generated by 71, . . . , f d , 7<j+i, where 7^+1, generate Gal(T/iV). The 

extensions should be constructed in such a way that the 7V s behave as a given set 
of c generators for E. T is then a solution field, and the isomorphism which takes 
each 7"j to the corresponding generator of E is a solution isomorphism. 

4.2. Let N he & field of characteristic different from p. jj, p C N* , and let a € 
N* \ N* p . Then N(tfa)/N is a C p -extension. A generator for Gai(N(tfa)/N) is 
given by {/a i— > C, p tfa. The only elements 6 e N(tfa) with the property: 6 P e N, 
are those of the form z(^/ay for some z € N , j = 0, 1, . . . ,p — 1. 

Suppose further that N/k is a Galois extension, then N(tfa)/k is a Galois ex- 
tension if and only if, for each 7 € Gal(AT/fc), there exist i 7 e Z \ such that 
la /a l -< e N* p . 

4.3. Let E be a non-abelian group of order p 3 . Up to isomorphism, E is necessarily 
one of the following two groups: 

1. The Heisenberg group: 

H p 3 = ( u, v, w : u p — v p — w p = 1, wu = uw, wv = vw, vu — uvw ). 

In other words, H p 3 is generated by two elements u, v of order p, such that their 
commutator w is central. It can be realized as the subgroup of GL3(Z/Zp) consist- 
ing of upper triangular matrices with l's in the diagonal. 

2. The semidirect product: 

C p 2 X] C p = ( u,v : u p2 = v p = 1, vu = u p+1 v ). 
For the classification of the non-abelian groups of order p 3 , see [9, page 67]. 

4.4. The aim of the following Theorem 4.1 (resp. Theorem 4.2) is to describe how 
H p 3 -extensions (resp. C p 2 x: C p -extensions) are constructed over Q, starting with 
elements x e L* with $(Nr i/K (x)) g L* p (resp. $(C P Nr L/K (x)) L* p ). These 
constructions are essentially known - they can be obtained as private cases of [4, 
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Theorem 2.4.1 and Corollary 8.1.5]. We give a direct and self contained proof, 
consistent with our notation and with subsection 4.1. 

Theorem 4.1 (The case E = H p3 ). 

Let x e L* such that b = b(x) = <f>(NT L/K (x)) <£ L* p . Then G = G&\{L(</b) / K) = 
C p x C p , generated by a and r\, where, a : {/b i— » %/b, rj : tfb i— > ( p Vb, o\l = a, 
rj\L = idi,. Moreover, the (Brauer type) embedding problem given by L(-ffb)/K and 
tt : E -» G is solvable, where tt : u i— » a, v i— » r\; a solution field is M = L{lftjj, Vb), 
to = $(/?), (3 = x p - 1 ax p - 2 ...a p ~ 2 x. 

Since to € $(L*), M/Q is a Galois extension with Gal(M K /Q) = E, where k is 
the extension of f to M, given by k : tfuj ^ /3 (1 ~ eP (V^Y > and MK = F ( a ), 
a = tfui + kJ/uj + . . . + k p ~ 2 ifuj. Finally, F(a) is the splitting field of the minimal 
polynomial for a over Q. 



M = L(^, </b)- 




Proof. Since ab — b, L{ {/b) / K is a Galois extension. We extend a to Gal(L( ^/b) /K) 
by ct(v / 6) = tfb- V generates Gal(L( Vb~)/L), and a generates Gal(L/K). It 
follows that Gal(L( tfb)/K) is generated by a and rj. Clearly, arj = r\o and 
a p = rf = id L (^, thus, L(\/b)/K is a C p x C p -extension \L{^fb) is a Kum- 
mer extension of K of exponent p] . 
f](ui) = lo and, 

a(uj) _ cr(*(/3)) _ $(Nr L/Jf (x)) / Vb X " 



(5) 



el(^) ,P , 



lo $(x)p \ <f>(x) 

thus, M/K is a Galois extension. We extend a and r\ to <r, 77 e Gal(M/if) by 



(6) 



$(z) 



respectively. Note that M/L(j/b) is a C p -extension. For if w e L(tfb)* P then 
= for some z <G L, j — 0, l,...p — 1. From (5) it follows that & = 

(<&(a;)(CT(z)/z)) p G L* p - a contradiction. 

Gal(M/K) is then generated by &,rj and A, where X(^/uj) = CpV^ ~ a generator 
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for Gal(M/L(^/b)). Clearly, rj and A is of order p, and since 

G P ( tyuj) — — ^ZJ = — ^ y 7 ^ = — 7— —rr tfuj = ^W, 

5 is of order p. A commutes with both a and rj, and the relation fja — afjX holds. 
Therefore, the group isomorphism ip : G&\{M/K) = H p 3, sending cr i— » u, 77 
A id, is a solution isomorphism for the given embedding problem. 
Now, 



<!>(-) = ^Z.^Cr...^^.' = ^ 



T$(x) / TX\ TX 6 " T X 

$(x) e ~~ Vx e / x eP_1 ?x eP ~ 2 fP~ 3 X e 



(5) 

hence, 

fw _ ^(a^- 1 ^- 2 "-^- 2 ^) _ /f$(x)\ p_1 _ /f$(x)\ p ~ 2 _ 2 /f$(x) 



<I>(xP- 1 CTxP- 2 ---CTP- 2 x) e V$(x) e / \$(x) e J \®(x 



cr ' ' • • • cr 



P 



and 



= (zP-W" 2 • • • af" 2 ^ 1 "^ = ^ i= V" J G L* p , 
f& _ f$(Nr L/K (x)) _ /f$(x) x / - -»-i\p 



* *(Nr 1//f (x,). ( W) = (""" l ' |tfi ) ' 1 ■ 

Thus, M/Q is a Galois extension. We extend f to k e Gal(M/Q) by 

Since k is an extension of r to M, Gal(M/Q) is generated by cr,fj,X, and k. It 
is easy to verify that k is central and has order p — 1 [while doing it, we take 
T : Cp l— * Cp- Also, note that k is the unique extension of f of order p— 1]. It follows 
that Gal(M/Q) = H p3 x C p _i and M K /Q is Galois with Gal(M K /Q) = H p3 , as 
required. 

Clearly, F(a) C M K . We have the short exact sequence 

1 ^ Gal(M/F) — U- Gal(M/Q) -3^*- Gal(F/Q) ^ 1, 

It follows that Gal(M / F) is generated by fj,X, and k. Thus, F(a) = M K if and only 
if fja a and Aa ^ a. But 77a = a or Aa = a imply linear dependence among the 

elements yui, %Jlo , . . . , yu) over L, a contradiction. 

To this end, Gal(F(a)/Q(a)) = Gal(F/Q) = C p , and Q(a)/Q is not a normal 
extension. Hence, -F(a) is the splitting field for Irr(a;Q). □ 

Theorem 4.2 (The case — Cp2 x Cp)- 

Let x <E L* such that b = b(x) = $(C P Nr L/K (x)) £ L* p . Tfcen G = Gal(L(^6)/if) 
= C p x C p , generated by a and 77, where, a : tfb 1— > ^6, 77 : ^6 1— > Cp = <r, 

t/Il = idi,. Moreover, the (Brauer type) embedding problem given by L(tfb)/K and 
7r : E -» G is solvable, where tt : u 1— > ct, v i— > 77; a solution field is M = L(tfu>, tfb), 
w = $(/3^a), /J^xP-^xP- 2 ...^- 2 ^, L = K(ya). 

Since ui £ <&(£*), M/Q is a Ga/ois extension with Gal(M K /Q) = w/iere 

k is i/ie extension off to M, given by k : 6 ^ p (-(/a;) 6 , anrf 

M K = F(a), a = tfu + k^/uj + . . . + k p ~ 2 tfu. Finally, F(a) is the splitting field 
of the minimal polynomial for a over Q. 
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Proof. A few changes should be made in the proof of Theorem 4.1. 
We can assume a : %fa i— > ( p f/a. Next, i]u> = cu and, 



thus, M/K is a Galois extension. We extend a and 77 to cr, 77 G Gal[M/K) as in 
[6]. Gal(M/K) is generated by cr, f\ and A, where A( v / o7) = (p-f/ui - a generator for 
Gal(M/L(v^)). Clearly, f) is of order p. Now, 

5 P ( tfu) = — .. b _ — - ., = & , rr = *(Cp) = C ^ V^- 

$(x)cr(<&(x)) • ■ ■ o-P-i($(a;)) $(Nr i/ir (a;)) p p 

Hence, a is of order p 2 and A = a p . Finally, the relation fja = a p+1 fj holds. It 
follows that the group isomorphism ip : Gal(M/K) = C p 2 x C p , sending d ^ u, 
fj t—> v, is a solution isomorphism for the given embedding problem. 

Thus, M/Q is a Galois extension. We extend f to re G Gal(M/Q) by 

«(^) = (v^/?) (1 - eP ~ 1)/p (v^) C , «(^6) - Nr L/ ^) (1 - eP " )/p (v^r. 
The rest remains exactly as in the previous case. □ 

We end this section with the following observations. 

Theorem 4.3. (a) Suppose that L — Q(C P 2 )- Then x G L* induces an H p 3- 
extension if and only if it induces a C p 2 x C p -extension (in the ways described in 
Theorem 4-1 and Theorem 4-2). 

(b) Suppose that L 7^ Q(Cp 2 )- If an element x € L* does not induce an H p 3- 
extension, it necessarily induces a C p 2 x C p -extension. 

(c) There are infinitely many elements x G L* which induce both an H p 3 -extension 
and a C p 2 x C p - extension. 

Proof, (a) and (b) follow from $(Cp) = C p eP ■ ( c ) follows from Corollary 13.41 □ 

5. Polynomials for the non-abelian groups of order 27 

Following Ledet, we shall construct ^-extensions and their polynomials over Q, 
induced by the elements x we found in Example 3.6 and Example 3.7. We replace 
the primitive root e — 2 with e = —1 - the homomorphism $ does not depend 
on e when we consider it modulo 3 (it may not be the case for higher primes). 
Clearly, k-^uj = 1/ y/uj, thus fu> — 1/w, sou+ 1/uj € F. Set X = {/uj + 1/ y/w. 
Then X 3 — 3X = u> + 1/uj. Hence, if p(X) G Q[X] is the minimal polynomial for 
u> + 1/oj over Q, then the splitting field of p{X 3 - 3X) over Q is F(^J + 1/^aJ), 
i.e, p(X 3 — 3X) is an ^-polynomial over Q. 

Example 5.1. Let x be as in Example 3.7. In order to get an i/27-polynomial 
over Q induced by this x, consider w — $(x 2 ax). Using mathematical software 
(Maple), we get the following H 2 7-polynomial over Q: 

p{X 3 3X) = (X 3 3X) 3 -^(X 3 - iXf ^(X 3 - 3X) + 
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Example 5.2. Due to the presence of the radical tfa, explicit extensions for the 
C p 2 xi C p are more complicated to describe (unless L = Q(£ p 2)). 

Let x be as in Example 3.6. In order to get a Cg x C3-polynomial over Q induced 
by this x, consider ui = Q(x 2 ax ■ \fa), where L = K(^/a). Denote S = 63(7) and 
consider the element 

9 = 3S 2 + 36 + 3( 3 6 + ( 3 - 4. 
The minimal polynomial for 5 over Q is X 3 + X 2 - 2X - 1, and aS = 5 2 - 2. 
It follows that of) — C^Q. Therefore, we can take ^fa = 9. Using mathematical 
software (Maple), we get the following Cg x C3-polynomial over Q: 

p{ X 3 -3X) = (X 3 -3Xr-^-^(X 3 -3X) 2 -^4-^(X 3 -3X) ' " 7i;; 



13 2 v ' 13 3 v ' 13 3 -7' 
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